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Frank’s observation that a TEM bright-ﬁeld image acquired under non-stationary conditions can be
modeled by the time integral of the standard TEM image model [J. Frank, Nachweis von objektbewegungen im lichtoptis- chen diffraktogramm von elektronenmikroskopischen auf- nahmen, Optik 30 (2)
(1969) 171–180.] is re-derived here using counting statistics based on Poisson’s binomial distribution.
The approach yields a statistical image model that is suitable for image analysis and simulation.
& 2011 Elsevier B.V. All rights reserved.
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1. Introduction
As is argued in the companion paper [1], there is a need for a
new generation of high-throughput transmission electron microscopes (TEMs) designed to autonomously extract information
from specimens. Such TEMs will operate under the feedback
control principle, which consists of a two-step cycle: (i) The
parameters of interest (e.g., defocus, specimen position) are
measured from acquired images and compared to their desired
reference values; (ii) the observed differences (if any) are corrected by commanding relevant actuators (e.g., the objective lens
or the specimen holder). The feedback cycle is executed repeatedly at constant rate. In a high-throughput TEM, this cycle has a
very short period and must, therefore, be executed when the
microscope is not yet stable [1]. As a consequence, both the
specimen position and the microscope’s optical parameters may
vary noticeably during the image acquisition period. The effect of
parameter variations during TEM bright-ﬁeld (TEM-BF) image
acquisition has been studied before. For instance, the effect of
linear specimen motion was addressed in [2], and the effect of
linear defocus variation was analyzed in [1]. In both cases, the
analysis was based on Frank’s observation that TEM-BF images
acquired under these conditions can be represented by the time
integral of the standard stationary image model [3] (Frank’s
observation stemmed from the properties of the photographic
emulsions used to record TEM images [4]).
In the present note, Frank’s observation is re-derived using
counting statistics based on Poisson’s binomial (PB) distribution [5].

Our approach is a generalization of that in [6] and, thus, is well
suited to model digitally acquired TEM images. This approach leads
to a statistical TEM-BF image model whose statistics can be
computed exactly or, under certain conditions, approximated by
those of a Poisson distribution. Moreover, the model is suitable for
both image analysis and simulation.
The rest of the paper is organized as follows. Section 2
summarizes the properties of the PB distribution. The statistical
model of TEM-BF images with time varying parameters is derived
in Section 3 and, ﬁnally, Section 4 presents our conclusions.

2. On Poisson’s binomial distribution
It is well known (see, e.g., [7]) that the binomial distribution
describes the statistics of the number ‘‘successes’’ in a ﬁnite set of
independent Bernoulli trials (i.e., success/fail experiments such as
a coin toss) that have identical probability distributions. More
speciﬁcally, let the random variables1 xl A f0; 1g, l ¼ 1, . . . ,N, represent the outcomes of N Z1 independent trials (i.e., xl ¼ 1 if the
l-th trial is a success and xl ¼ 0 if it is a failure), and let them be
identically distributed (i.e., Pfxl ¼ 1g ¼ p for all l ¼ 1, . . . ,N). Then,
the number of successes in the N trials is given by the random
P
variable S9 N
l ¼ 1 xl , which is Bernoulli distributed. That is, S has
an associated probability mass function, BðkÞ, given by
 
N
BðkÞ ¼ PfS ¼ kg ¼
ð1Þ
pk ð1pÞNk ,
k
k ¼ 0, . . . ,N. When two or more trials do not have the same
distribution, the statistics of S are described by the more general

n
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Random variables are denoted here in italic, bold-faced fonts.
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Poisson’s binomial distribution, with associated probability mass
function PðkÞ. To derive a correspondence rule for PðkÞ similar to
that in (1), let pl represent the success probability of the l-th trial
(i.e., Pfxl ¼ 1g ¼ pl , l ¼ 1, . . . ,N). Next, let F k denote the collection
of k-elements subsets of f1, . . . ,Ng. That is [5]

error introduced by this approximation is small, since the ‘‘distance’’ between S and S^ , in terms of their cumulative probabilities, is bounded from above. That is, [11,12]

F k ¼ fA : A Df1, . . . ,Ng,9A9 ¼ kg,

(sharper bounds are possible, see [13]). Further note that EfSg ¼
^ and that VarfS^ gð1max fp1 , . . . ,pN gÞ r VarfSg r VarfS^ g ð1
EfSg
min fp1 , . . . ,pN gÞ. Thus, the quality of the approximation depends
only on the size of the success probabilities and not on the
number of trials (i.e., this is not an asymptotic approximation).
These concepts are applied to model TEM-BF images acquired
under time-varying conditions next.

where k ¼ 0, . . . ,N (F 0 is the empty set) and 9A9 denotes the
number of elements in A. The sets in F k identify the different
ways (combinations) in which k successes can happen in the N
(non-identical) trials. For instance, if N¼ 5 and k¼ 3, then
A ¼ f1; 2,3g A F 3 denotes that one possibility to have three successes in ﬁve trials is to have a success at trials 1, 2 and 3 and a
failure at trials 4 and 5. With these considerations it is easy to
show that
1
!0
Y
X Y
@
ð2Þ
PðkÞ ¼ PfS ¼ kg ¼
pl
ð1pj ÞA,
AAFk

lAA

j A Ac

k ¼ 0, . . . ,N, where Ac 9f1, . . . ,Ng\A is the complement of A with
respect to f1, . . . ,Ng. For instance, if N ¼5 then for k¼ 3, the
summation in (2) has 10 terms (there are ð53Þ ¼ 10 ways to get
three successes in ﬁve trials) and
Pð3Þ ¼ p1 p2 p3 ð1p4 Þð1p5 Þ þ    þp3 p4 p5 ð1p1 Þð1p2 Þ:
It follows from its deﬁnition that the mean and variance of S
are given, respectively, by
EfSg ¼

N
X

Consider the continuous-space TEM-BF image model,
2
IðrÞ ¼ 9fðrÞnhðrÞ9 , where r ¼ ðx,yÞ denotes position in the image
plane, fðrÞ is the specimen’s transmittance function, n denotes
convolution over r, and h(r) is the microscope’s point spread
function [14]. It describes the image projected at the microscope’s
phosphorous screen, under the assumption of a stationary specimen and constant optical parameters. When the specimen is not
stationary (i.e., when it drifts) and/or when the optical parameters
change over time, this model can be extended as follows
2

where t Z 0 denotes time and the function dðtÞ A R represents the
specimen’s drift path. hðr,tÞ is the time-varying point spread
function given by

VarfSg9EfS 2 gEfSg2
pl ð1pl Þ ¼

ð4Þ
2

and

¼

3. Statistical modeling of TEM-BF images with time-varying
parameters

Iðr,tÞ ¼ 9fðrdðtÞÞnhðr,tÞ9 ,
pl

l¼1

N
X

sup 9PfS rugPfS^ r ug9 r 9 maxfp1 , . . . ,pN g

uAR

Npð1pÞNs2p ,

hðr,tÞ ¼ F1 fAðqÞEðqÞexpðıwðq,tÞÞg,
ð3Þ

l¼1

P
where Efg denotes expected value, and p ¼ ð1=NÞ N
l ¼ 1 pl and
P
2
s2p ¼ ð1=NÞ N
ðp
pÞ
denote,
respectively,
the
mean
and the
l
l¼1
variance of the set of success probabilities fp1 , . . . ,pN g (see [5]).
Note from (3) that VarfSg attains its largest value when all pl are
equal (i.e., when pl ¼ p for all l ¼ 1, . . . ,N), in which case P and B
coincide (i.e., B is a particular case of P).
PB-distributed random variables, such as S, can be simulated
either by directly using the probability mass function in (2) or by
approximating it by a Poisson distribution. In the former case, the
probability masses, PðkÞ, must ﬁrst be computed for all
k ¼ 0, . . . ,N. This can be done using either iterative or discrete
Fourier transform (DFT) methods (see, respectively, [8,9]). The
DFT method can be faster and simpler to use, specially if N þ 1 is a
power of 2, in which case the fast Fourier transform algorithm
[10] can be used to compute the DFT. This approach requires one
to ﬁrst compute the coefﬁcients rl , l ¼ 0, . . . ,N, given by

 

N  
1 Y
ı2pl
1 þ 1
rl ¼
pj exp
Nþ1 j ¼ 1
N þ1
pﬃﬃﬃﬃﬃﬃﬃ
(ı ¼ 1), and then use them to compute the probability masses
as follows [9]:


N 
X
ı2pkl
PðkÞ ¼
rl exp
Nþ1
l¼0
for all k ¼ 0, . . . ,N. That is, ½Pð0Þ, . . . ,PðNÞ ¼ DFTð½r0 , . . . , rN Þ [10].
On the other hand, when the probabilities pl, l ¼ 1, . . . ,N, are
small it is simpler to instead simulate S^ , a Poisson-distributed
^ ¼ VarfS^ g ¼ PN p . The
random variable with mean l ¼ EfSg
l¼1 l

ð5Þ

where F denotes the Fourier transform over r, q ¼ ðu,vÞ denotes
position in the spatial frequency plane, A(q) is the aperture
function, E(q) is the envelope function2 that describes effects
such as temporal incoherence (see [2,14]), and wðq,tÞ is the timevarying aberration function. In [3], Frank stated that under these
conditions the model of a photographically recorded image, Ibf(r),
is given by
Z to þ T
Ibf ðrÞ ¼
Iðr,tÞ dt,
ð6Þ
to

where to is the moment the recording starts and T is the duration
of the integration (or recording) period.
The goal here is to re-derive this expression for TEM-BF images
recorded using an ideal electron counting detector. The latter is
assumed to be a grid of back-to-back, ﬁnite-size, electron detection cells that output the number of electrons that hit them
during a ﬁxed integration (or counting) period (the consequences
of employing more realistic detector models such as those in
[15,16] will be considered elsewhere). Thus, the (i,j)-th pixel in an
image produced by such a detector is given by the electron count
of the (i,j)-th detector cell. Using the same reasoning as in [14,
Section 3.7.6], it will be assumed, with small approximation error
that the electrons hit the detector one at a time and at regular
intervals (this is clearly an idealization that simpliﬁes the analysis
and does not alter its conclusions). In mathematical terms, the
electrons hit the detector at discrete times tl ¼ to þ ðl1ÞDt A
½to ,to þ T, l ¼ 1, . . . ,Ne , where to is the time the ﬁrst electron hits
the detector, Dt is the time between electrons (without loss of
2
The envelop function E(q) is assumed to be time-independent. This is the
case when, for instance, there is no spatial incoherence [14], or when the timedependent envelopes are dominated by time-independent ones.
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generality, it is assumed that T ¼ Ne Dt), and Ne ¼ 6:241  1018 ib T
is the total number of electrons that hit the detector during the
integration period (ib is the beam current). At the end of this
period, the electron count of the (i,j)-th detector cell, I bf ði,jÞ,
indicates the number of those Ne electrons that hit the (i,j)-th
detector cell. Clearly (see Section 2), I bf ði,jÞ can be interpreted as
the number of successes in Ne independent, but not necessarily
identically distributed, Bernoulli trials. Each trial consists in
observing whether a particular electron hits the (i,j)-th detector
cell and is modeled by a random variable, xl , with success (or hit)
probability, Pfxl ¼ 1g ¼ pij ðtl Þ, given by
RR
R Iðr,tl Þ dr
R
,
ð7Þ
pij ðtl Þ ¼ R ij
R2 Iðr,tl Þ dr
where Rij is the area of the continuous-space image that is
P e
projected into the (i,j)-th detector cell. Thus, I bf ði,jÞ ¼ N
l ¼ 1 xl , so
it follows from Section 2 that the detector cell electron counts are
PB-distributed random variables. This allows one to re-derive (6)
using an asymptotic approximation approach. To do so, ﬁrst note
that in (7), Iðr,tl Þ was interpreted, after normalization by
RR
R2 Iðr,tl Þ dr, as a probability density function over the image
plane [17–19]. Further note that the normalization factor,
RR
R2 Iðr,tl Þ dr, is time-independent. To see this, note from (4), (5)
and Rayleigh’s Theorem [10] that
ZZ
ZZ
2
Iðr,tl Þ dr ¼
9fðrdðtl ÞÞnhðr,tl Þ9 dr
2
R
R2
ZZ
2
¼
9e2pıqdðtl Þ FðqÞAðqÞEðqÞeıwðq,tl Þ 9 dq
R2
ZZ
2
¼
9FðqÞAðqÞEðqÞ9 dq
R2

9ðad Þ1 ,
with FðqÞ9FffðrÞg. Thus in (7)
ZZ
pij ðtl Þ ¼ ad
Iðr,tl Þ dr, 8tl ,l ¼ 1, . . . ,Ne :

ð8Þ

Rij

Next, note that

 PNe
I bf ði,jÞ
pij ðtl Þ
:
¼ l¼1
E
Ne
Ne
Also, since pð1pÞ r 1=4 for p A ½0; 1, note from (3) that

 PNe
I bf ði,jÞ
pij ðtl Þð1pij ðtl ÞÞ
1
r
,
¼ l¼1
Var
4Ne
Ne
ðNe Þ2
so it follows from Chebyshev’s inequality [7] that
n
o



 Var I bf ði,jÞ
I bf ði,jÞ

I
ði,jÞ
N
1
e
bf
Ze r
P 
E
r 2 :

Ne
Ne
4e Ne
e2
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for larger Ne, this expression shows that a pixel in a TEM-BF image
recorded with an ideal electron counting detector can be treated
as a deterministic quantity that is proportional to the time
integral of a particular region of the continuous-space image
model (4). That is,
ZZ Z to þ T
I bf ði,jÞp
Iðr,tÞ dt dr
Rij

to

(p denotes proportionality). This expression is the sought-after
equivalent of (6) for digitally acquired (ideal) TEM-BF images.
Note that if the optical parameters are constant and the
specimen is stationary, Iðr,tÞ becomes independent of t (i.e.,
Iðr,tÞ ¼ IðrÞ). In such case (10) implies that
I bf ði,jÞ  Ne ad

ZZ

IðrÞ dr,

ð11Þ

Rij

which agrees with the standard interpretation of digitally
recorded TEM-BF images as discretized versions of (the projected)
continuous-space TEM-BF images. It is important to remark that
to make the approximations in (10) and (11) valid for detector
cells with low probability of being hit by the electrons, larger Ne
values are needed. For instance, suppose that in (9) the expected
value of I bf ði,jÞ=Ne is 0.01. Thus, if one wants to limit the
probability of I bf ði,jÞ=Ne differing from its mean by 10% to be less
than 0.001, then Ne Z 250  106 . This in turn implies that, for a
1024  1024 pixels detector, the average number of electrons
hitting a detector cell exceeds 230, which is clearly a high
average.
For smaller Ne values (i.e., smaller beam currents or shorter
integration times) the approximations in (10) and (11) are less
valid, since the realizations of I bf ði,jÞ display greater statistical
variability. In such cases, Frank’s deterministic model (6) is no
longer appropriate. Instead, each detector cell count, I bf ði,jÞ,
should be treated as a PB-distributed random variable. Moreover,
to simplify its analysis and simulation, the detector cell count
could also be approximated by a Poisson-distributed random
variable with mean electron count, lij , given by the right-handside of (10). That is,

lij 9EfI bf ði,jÞg ¼

Ne
T

ZZ

Z
Rij

to þ T
to

ad Iðr,tÞ dt dr

and

lkij elij

PfI bf ði,jÞ ¼ kg ¼

k!

ð9Þ

Thus, the probability that I bf ði,jÞ=Ne deviates from its mean more
than e is generally small (Ne  109 for a typical integration time of
T¼0.1 s) and decreases for larger Ne (i.e., for larger integration
periods or beam currents) as expected. Thus, for large Ne, (9)
implies that all the realizations of I bf ði,jÞ=Ne lie close to its
expected value, so (see (8))
PNe
Ne
X
pij ðtl ÞDt
I bf ði,jÞ 
pij ðtl Þ ¼ Ne l ¼ 1
T
l¼1
Z
Ne t o þ T
pij ðtÞdt
¼
T to
ZZ Z to þ T
Ne
ad Iðr,tÞ dt dr,
ð10Þ
¼
T
Rij to
where the second equality is obtained by noticing that the time
integral is well approximated by its Reimann sum when the
integrant is continuous and Dt is small, as is the case here. Thus,

,

k ¼ 0, . . . ,Ne :

This approximation is specially attractive when the hit probabilities are small (see Section 2) and leads to the so-called Poisson
‘‘noise’’ model. The latter, under time-invariant hit probability
conditions, has been successfully used for image analysis purposes before [6,18,19].
Finally, note that the counting statistic analysis presented in
this section remains valid even if E(q) is allowed to be timedependent (see footnote 2). In such case, however, ad would no
longer be a time-independent constant, so the right-hand-side of
(10) should no longer be interpreted as the discretized version
of (6). Instead, images should be interpreted as the discretization
of the time integral of ad ðtÞIðr,tÞ. That is,
ZZ
I bf ði,jÞp

Z
Rij

with ad ðtÞ ¼

to þ T

to

RR

ad ðtÞIðr,tÞ dt dr,

R2 Iðr,tÞ

dr.
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4. Conclusions
Frank’s observation that practical TEM bright-ﬁeld images can
be modeled by the time integral of the standard TEM image model
has been re-derived, under mild assumptions using counting
statistics, a technique that is well suited to model digitally acquired
TEM images. It was shown that the electron counts produced by an
ideal camera (i.e., one that behaves as an ideal electron counting
detector) can be statistically modeled by random variables with
Poisson’s binomial distribution, yielding a statistical image model
that is amenable to both analysis and simulation.
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